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Specific features of nonlinear interference processes at quantum transitions in near- and fully-
resonant optically-dense Doppler-broadened medium are studied. The feasibility of overcoming of
the fundamental limitation on a velocity-interval of resonantly coupled molecules imposed by the
Doppler effect is shown based on quantum coherence. This increases the efficiency of nonlinear-
optical processes in atomic and molecular gases that possess the most narrow and strongest res-
onances. The possibility of all-optical switching of the medium to opaque or, alternatively, to
absolutely transparent, or even to strongly-amplifying states is explored, which is controlled by a
small variation of two driving radiations. The required intensities of the control fields are shown
to be typical for cw lasers. These effects are associated with four-wave mixing accompanied by
Stokes gain and by their interference in fully- and near-resonant optically-dense far-from-degenerate
double-Lambda medium. Optimum conditions for inversionless amplification of short-wavelength
radiation above the oscillation threshold at the expense of the longer-wavelength control fields, as
well as for Raman gain of the generated idle infrared radiation, are investigated. The outcomes
are illustrated with numerical simulations applied to sodium dimer vapor. Similar schemes can be
realized in doped solids and in fiber optics.
PACS numbers: 32.80.Qk, 42.50.Gy, 42.50.Hz, 42.50.Ct, 42.79.Ta
I. INTRODUCTION
In the early stages of the laser era four decades ago,
the major problem was extracting coherent optical elec-
tromagnetic radiation from incoherently-excited materi-
als. The contemporary trend is the inverse, i.e., control
of physical properties of materials by coherence injected
with lasers. In such a context, this paper is aimed at
studying the opportunities of manipulating optical and
nonlinear-optical properties of materials without chang-
ing their composition and structure based on quantum
coherence and interference. The phenomena of reso-
nance, Doppler shift of a frequency, coherence and inter-
ference are fundamental concepts of physics. Resonance
enables one to greatly enhance processes related to oscil-
lations. The strongest resonances in optics are attributed
to quantum transitions in free atoms and molecules.
However, one of the fundamental limitations of optical
physics is that only a small fraction of molecules can be
resonantly coupled with coherent radiation concurrently
in an inhomogeneously-broadened medium. This paper
shows that coherent control enables one to remove such
∗Electronic address: apopov@uwsp.edu;
URL: http://www.kirensky.ru/popov
†Electronic address: tfgeorge@umsl.edu;
URL: http://www.umsl.edu/chancellor
limitations and thus substantially increase the efficiency
of the nonlinear optical processes.
Coherence is an important concept in physics. Co-
herent oscillations may interfere to give rise to counter-
intuitive effects. A common example is a standing light
wave:
y(t) = y1(t) + y2(t) = a sin(ωt− kz) + a sin(ωt+ kz)
= 2a cos(ωt) cos(kz).
By overlapping two coherent light fluxes, one can produce
completely-dark spots, instead of achieving doubled illu-
mination, or vice versa, one can achieve a twofold increase
of the oscillation amplitude, which in turn yields a four-
fold increase in the illumination. The concept of interfer-
ence, which is a measure of coherence, is applied to oscil-
lations of any nature. Similar effects can be anticipated
in regard to oscillations of bound intra-atomic and molec-
ular charges. Since induced periodically-accelerated and
decelerated motion of the atomic electrons is responsi-
ble for optical process, the question is how to manage
destructive interference and completely stop induced os-
cillations of an optical electron even in the presence of
a resonant electromagnetic field. This would mean the
decoupling of light and resonant media, vanished absorp-
tion and dispersion. Then, if destructive interference is
turned into constructive, that would provide for strongly-
enhanced coupling.
The basic idea behind such opportunities can be pre-
sented as follows. The oscillating dipole moment of the
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2unity volume, P (t), is a driving term in Maxwell’s electro-
dynamic equations that determines the optical properties
of the materials. It is proportional to the number den-
sity of atomsN and to the induced atomic dipole moment
d(t). If, besides the probe radiation Ep(t), an auxiliary
strong driving field Ed(t) is turned on [Ep,d(t) = Ep,d
exp(iωp,dt)], optical electrons become involved in nonlin-
ear oscillations:
P (t) = χEp(t) + χ
(3)|Ed(t)|
2Ep(t). (1)
This equation displays the superposition of two compo-
nents oscillating with the same frequency. In the vicinity
of a resonance, the real and imaginary parts of the sus-
ceptibilities can be commensurate. Therefore, one can
control the amplitudes and relative phase of the inter-
fering oscillations (i.e., constructive and destructive in-
terference) by varying the intensity and detuning from
the resonance of the driving field. In quantum terms,
this means that the coupling of light and matter and,
therefore, optical properties of the materials, can be con-
trolled through judicious manipulation of the interference
of one-photon and multiphoton quantum pathways. Con-
sequently, this enables one to selectively deposit energy
in certain quantum states or, alternatively, to convert
energy incoherently deposited in specific quantum states
into coherent light, while decoupling such radiation from
the absorbing atoms at resonant lower levels. As such,
spectral structures in the transparency and refractive in-
dex can be formed and modified with the aid of the aux-
iliary control resonant or quasi-resonant radiation.
Coherent quantum control of optical processes has
proven to be a powerful tool to manipulate refraction,
absorption, transparency, gain and conversion of electro-
magnetic radiation (for a review see, e.g., [1, 2, 3, 4,
5, 6, 7, 8]). Among the recent achievements are the
slowing down of the light group speed to a few m/s,
highly-efficient frequency up-conversion, squeezed quan-
tum state light sources and optical switches for quantum
information processing on this basis [9, 10, 11, 12, 13,
14, 15], and judicious control and feasibilities of near
100% population transfer between the quantum energy
levels [16]. Much interest has been shown in the physics
and diverse practical schemes of lasing without popula-
tion inversion (see, e.g.,[1, 2, 3, 4, 5, 6, 7, 17]). Large
enhancement of fully-resonant four-wave mixing through
quantum control via continuum states has been proposed
in [18].
The present paper considers optical processes con-
trolled through ”injected” quantum coherence, which is
followed by destructive and constructive nonlinear inter-
ference effects. The near- and fully-resonant far-from-
degenerate double-Lambda scheme is investigated, where
inhomogeneous broadening of all coupled (including mul-
tiphoton) transitions is accounted for. Analytical solu-
tions for density-matrix elements (level populations and
coherences) are found that account for various relaxation
channels, incoherent excitation of the coupled levels, and
Doppler shifts of the resonances. These shifts depend on
the relative direction of propagation of the coupled waves.
The solution is convenient for further numerical analysis
and experiments. It is shown that inhomogeneous broad-
ening of Raman transitions, which is inherent for far-
from-degenerate schemes, creates important features on
quantum interference in resonant schemes. The feasibil-
ity of overcoming with the aid of the coherence processes
of the seemingly fundamental limitation imposed by the
Doppler effect on the velocity-interval of the molecules
concurrently involved in resonant nonlinear coupling is
shown. Thus, a major part of Maxwell’s velocity dis-
tribution can be involved in the concurrent interaction
that dramatically increases the cross-section of nonlinear-
optical processes in warm gases. As an application, the
conversion of the easily-achievable long-wavelength gain
to a higher frequency interval is explored. It is shown
that the most favorable are the optically-dense samples,
where the inhomogeneity of the field intensities along the
medium imposes other important features that must be
accounted for as well. The optimum conditions for the
realization of such processes are investigated, and the
potential of quantum switching, amplification and lasing
without population inversion based on coherent coupling
at inhomogeneously-broadened transitions in optically-
dense spatially inhomogeneous media is demonstrated
with the aid of numerical simulations. Another impor-
tant outcome investigated in this paper is the feasibility
of manipulation of the resonant medium, from becoming
almost entirely optically opaque to strongly amplifying
via a completely transparent state by only a small vari-
ation of the intensity or frequency of one of the lower-
frequency control fields and of a large gain for an idler
infrared radiation. It is shown that the required condi-
tions can be fulfilled, e.g., in the framework of exper-
iments similar to [19] with sodium dimer vapor. The
important features of both the signal and idler radiation
inherent for such a scheme include entangled states and
suppression of quantum noise.
This paper is organized into seven major sections.
Section II describes a principal experimental scheme
aimed at manipulating optical transparency of initially
strongly-absorbing media, and provides a set of equa-
tions for coupled electromagnetic waves and their solu-
tion for several limiting cases. A corresponding theo-
retical model and the underlying physics are discussed.
Section III gives the density matrix equations. Their so-
lutions related to the problems under consideration are
given in Appendix A. The physical principles of manipu-
lating the local absorption (amplification) and refractive
indices, as well as the principles of eliminating inhomoge-
neous broadening of nonlinear resonances, are described
in Sec. IV. Results of numerical experiments towards
the outlined effects are presented in Sec. V. The empha-
sis is placed on optical switching and amplification with-
out population inversion in an optically-dense medium
assisted by Stokes gain, as well as on the optimal con-
ditions to achieve the effects. Section VI outlines earlier
experiments on quantum control based on constructive
3and destructive interference and is to show a great vari-
ety of applications of similar schemes of quantum control.
These include up-conversion of infrared, and generation
of short-wavelength VUV radiation, selective detection
of relaxation processes and weak electric and magnetic
dc fields, as well as selective population of energy levels.
Section VII summarizes the main outcomes of the paper.
II. RESONANT FOUR-WAVE MIXING
ASSISTED BY STOKES GAIN
Consider a simple experiment designed to explore the
manipulation of optical properties through quantum in-
terference based on the experimental setup described in
a number of publications on resonant nonlinear optics in
sodium vapor (e.g. [19]). Two-atom sodium molecules
(dimers), Na2, possess an electronic-vibration-rotation
spectrum in the near-IR and visible ranges that can
be covered with commercial frequency-tunable cw lasers.
Figure 1 depicts a relevant partial scheme of energy lev-
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FIG. 1: Optical switching at ω4 through quantum control by
two fields at ω1 and ω3 assisted by idler radiation at ω2.
els and transitions. Similar schemes are typical for solids
doped by rare earths (like Er3+ and Pr3+). Assume that
the sample is probed with a sufficiently-weak (and thus
non-perturbative) optical field in the vicinity of the blue
transitionml. Then the refractive and absorption indices
in the corresponding frequency interval can be controlled
with the driving fields coupled to the lower or upper lev-
els. Resonant driving fields induce back-and-forth transi-
tions with the frequency Gi = Eidjk/2~ between levels j
and k, where Gi (called the Rabi frequency) is the magni-
tude of the corresponding interaction Hamiltonian scaled
to Planck’s constant. Modulation of the probability am-
plitudes leads to a splitting of the resonance at the probe
transition and to interference of the one- and two-photon
quantum pathways controlled by the driving radiation.
This may exhibit itself as odd coherence and interference
structures in the absorption and refraction spectra of the
probe radiation.
Two independently-varied fields provide for even more
opportunities for manipulating local optical parameters.
But three coupled fields, a probe and two driving fields,
may generate radiation in the vicinity of the transition
gn through four-wave mixing (FWM) processes ω4+ω2 =
ω1 + ω3. This idler radiation may actually not get de-
pleted but rather substantially enhanced, since the driv-
ing field E1 can easily produce a large Stokes gain. This
gain, in turn, can be controlled with the driving field
E3. These processes dramatically change the propaga-
tion properties of the probe field, because three fields,
enhanced Stokes radiation and two driving fields at ω2,
ω1 and ω3, contribute back to the probe field through
the FWM process. Thus, doubled FWM assisted by
Stokes amplification processes opens extra channels for
the transfer of energy from the driving fields to the probe
one and, consequently, allows control of the transparency
of the medium for the probe radiation. Such a process
is usually called optical parametric amplification (OPA).
However, as shown below, in resonance, one cannot think
about the entire process as a sequence of conventional
Raman and FWM processes. This would be misleading
in predicting and interpreting the relevant experiments.
Indeed, the distinguishing differences in the frequency-
correlation properties of single- and multiphoton radi-
ation processes dramatically change in strong resonant
fields. This leads to a variety of important effects and ap-
plications that are discussed below. Thus, the the effect
under consideration should be viewed as amplification
without inversion (AWI) rather than conventional OPA
accompanied by absorption and Stokes gain. The quan-
tum interference involved in resonant schemes plays such
a crucial role that thinking about the conversion process
under investigation in terms of the Manley-Rowe photon
conservation law would be misleading [20].
The propagation of four coupled optical waves in a res-
onant medium is described by the set of coupled equa-
tions for the waves (Ei/2) exp[i(kiz − ωit)] + c.c. (i =
1...4) traveling in an optically-thick medium:
dE4,2(z)/dz = iσ4,2E4,2 + iσ˜4,2E1E3E
∗
2,4, (2)
dE1,3(z)/dz = iσ1,3E1,3 + iσ˜1,3E4E2E
∗
3,1. (3)
Here, ω4 + ω2 = ω1 + ω3, kj are wave numbers in a vac-
uum, σj = −2pikjχj = δkj+ iαj/2, where αj and δkj are
the intensity-dependent absorption indices and disper-
sion parts of the wave numbers, σ˜4 = −2pik4χ˜4 (etc.) is
a FWM cross-coupling parameter, and χj and χ˜j are the
corresponding nonlinear susceptibilities dressed by the
driving fields. Amplification or absorption of any of the
coupled radiations influences the propagation features of
the others. In the following sections, we will account for
possible depletion of the fundamental beams along the
medium due to absorption. However, qualitative feature
of amplification of the probe beam and generation of the
idler radiation are seen within the approximation that a
change of the driving radiations E1,3 along the medium is
neglected. This is possible in some cases, e.g., at the ex-
pense of the saturation effects. Then the system (2)-(3)
reduces to two coupled standard equations of nonlinear
4optics for E4 and E2, whereas the medium parameters are homogeneous along z. The solution is standard:
E∗2 = exp
(
−
α2
2
z − βz
){
E∗20
[
cosh(Rz) +
β
R
sinh(Rz)
]
− i
γ∗2
R
E40 sinh(Rz)
}
,
E4 = exp
(
−
α4
2
z + βz
){
E40
[
cosh(Rz)−
β
R
sinh(Rz)
]
+ i
γ4
R
E∗20 sinh(Rz)
}
. (4)
Here, R =
√
β2 + γ2, β = [(α4 − α2)/2 + i∆k] /2, ∆k =
δk1+δk3−δk2−δk4, γ
2 = γ∗2γ4, γ4,2 = χ4,2E1E3, and E
∗
20
and E40 are input values (at z = 0). The first terms in
the curved brackets indicate OPA, and the second terms
the processes of FWM.
If ∆k = δk1 + δk3 − δk2 − δk4 = 0, the input values
I4,2 ≡ |E4,2|
2 at z = 0 are I20=0 and I40 6= 0, and the
absorption (gain) rate substantially exceeds that of the
nonlinear optical conversion obtained at the exit of the
medium of length L:
I4/I40 =
∣∣exp(−α4l/2) + (γ2/(2β)2)
× [exp(g2L/2)− exp(−α4L/2)]|
2
. (5)
Alternatively, if I40 = 0, I20 6= 0,
η4 = I4/I20 = (|γ4|
2/(2β)2)
× |exp(g2L/2)− exp(−α4L/2)|
2
. (6)
Here, γ2 = γ∗2γ4, γ4,2 = χ4,2E1E3, β = (α4 − α2)/4,
(|γ2|/β2 ≪ 1), and g2 ≡ −α2. From (5) and (6),
it follows that at relatively small lengths, the FWM
coupling may even increase the depletion rate of the
probe radiation, depending on the signs of Im γ4,2 and
Re γ4,2. In order to achieve amplification, large optical
lengths L and significant Stokes gain on the transition
gn (exp(g2L/2)≫ |(2β)
2/γ2|), as well as effective FWM
both at ω2 and ω4, are required. As seen from (4),(5) and
(6), the evolution of the coupled fields along the medium
strongly depends on whether the Stokes field is injected
at the entrance to the medium, and if so, on the value of
the ratio of the intensities of the input probe and Stokes
fields.
III. DENSITY MATRIX EQUATION AND
MACROSCOPIC PARAMETERS OF THE
MEDIUM
The macroscopic parameters in Eqs. (4) and (5) are
convenient for calculations with the density matrix tech-
nique, which allows one to account for various relax-
ation and incoherent excitation processes. The power-
dependent susceptibility χ4, responsible for absorption
and refraction, can be found as
P (ω4) = χ4E4, P (ω4) = N ρlm dml + c.c., (7)
where P is the polarization of the medium oscillating
with the frequency ω4, N is the number density of
molecules, dml is the electric dipole moment of the tran-
sition, and ρlm is the density matrix element. Other po-
larizations are determined in the same way. The density
matrix equations for a mixture of pure quantum mechan-
ical ensembles in the interaction representation can be
written in a general form as
Lnnρnn = qn − i[V, ρ]nn + γmnρmm,
Llmρlm = L4ρ4 = −i[V, ρ]lm, Lij = d/dt + Γij , (8)
Vlm = Glm · exp{i[Ω4t− kz]}, Glm = −E4 · dlm/2~,
where Ω4 = ω4,−ωml is the frequency detuning from
the corresponding resonance; Γmn - homogeneous half-
widths of the corresponding transition (in the collisionless
regime Γmn = (Γm + Γn)/2); Γn =
∑
j γnj - inverse
lifetimes of levels; γmn - rate of relaxation from level m
to n; and qn =
∑
j wnjrj - rate of incoherent excitation
to state n from underlying levels. The equations for the
other elements are written in the same way.
It is necessary to distinguish the open and closed
energy-level configurations. In the open case (where the
lowest level is not the ground state), the rate of inco-
herent excitation to various levels by an external source
essentially does not depend on the rate of induced tran-
sitions between the considered levels. In the closed case
(where the lowest level is the ground state), the excita-
tion rate to different levels and velocities depends on the
value and velocity distribution at other levels, which are
dependent on the intensity of the driving fields. For open
configurations, qi are primarily determined by the pop-
ulation of the ground state and do not depend on the
driving fields. The Doppler shifts of the resonances kiv
can be accounted for in the final formulas by substituting
Ωi for Ω
′
i = Ωi − kiv (v is the atomic velocity).
In a steady-state regime, the solution of a set of
density-matrix equations can be cast in the following
form:
ρii = ri, ρlg = r1 · exp(iΩ1t), ρnm = r3 · exp(iΩ3t),
ρng = r2 · exp(iΩ1t) + r˜2 · exp[i(Ω1 +Ω3 − Ω4)t],
ρlm = r4 · exp(iΩ4t) + r˜4 · exp[i(Ω1 − Ω2 +Ω3)t],
ρln = r12 · exp[i(Ω1 − Ω2)t] + r43 · exp[i(Ω4 − Ω3)t].
The density matrix amplitudes ri determine the absorp-
tion/gain and refraction indexes, and r˜i determine the
5four-wave mixing driving nonlinear polarizations. Then
the problem reduces to the set of algebraic equations
P2r2 = iG2∆r2 − iG3r
∗
32 + ir
∗
12G1,
d2r˜2 = −iG3r
∗
41 + ir
∗
43G1,
P4r4 = i [G4∆r4 −G1r41 + r43G3] ,
d4r˜4 = −iG1r32 + ir12G3
P41r41 = −iG
∗
1r4 + ir
∗
1G4,
P43r43 = −iG4r
∗
3 + ir4G
∗
3,
P32r32 = −iG
∗
2r3 + ir
∗
2G3,
P12r12 = −iG1r
∗
2 + ir1G
∗
2,
P1r1 = iG1∆r1, P3r3 = iG3∆r3, (9)
Γmrm = −2Re{iG
∗
3r3}+ qm,
Γnrn = −2Re{iG
∗
3r3}+ γgnrg + γmnrm + qn,
Γgrg = −2Re{iG
∗
1r1}+ qg,
Γlrl = −2Re{iG
∗
1r1}+ γglrg + γmlrm + ql, (10)
where G1 = −E1dlg/2~, G2 = −E2dgn/2~, G3 =
−E3dnm/2~, G4 = −E4dml/2~, P1 = Γlg + iΩ1,
P2 = Γng + iΩ2, P3 = Γnm + iΩ3, P4 = Γlm + iΩ4,
P12 = Γln + i(Ω1 − Ω2), P43 = Γln + i(Ω4 − Ω3),
P32 = Γgm + i(Ω3 − Ω2), P41 = Γgm + i(Ω4 − Ω1), d2 =
Γng+ i(Ω1+Ω3−Ω4), d4 = Γlm+ i(Ω1−Ω2+Ω3), Ω1 =
ω1−ωlg, Ω3 = ω3−ωmn, Ω2 = ω2−ωgn, Ω4 = ω4−ωml,
∆r1 = rl − rg, ∆r2 = rn − rg, ∆r3 = rn − rm, ∆r4 =
rl − rm.
For a closed scheme, Eq. (10), rl must be replaced by
rl = 1− rn − rg − rm. (11)
The solution of these equations as applied to the problem
under consideration is given in Appendix A.
IV. NONLINEAR INTERFERENCE EFFECTS
IN ABSORPTION AND AMPLIFICATION
SPECTRA
A. Nonlinear interference effects in three-level
schemes
Consider two simple subcases, G3 = 0 (V -scheme) and
G1 = 0 (Λ-scheme). From (9), it follows that
P4r4 = i [G4∆r4 −G1r41] ,
P41r41 = −i [G
∗
1r4 − r
∗
1G4] , (12)
P2r2 = i [G2∆r2 + r
∗
12G1] ,
P12r12 = −i [G1r
∗
2 − r1G
∗
2] . (13)
The structure of (12) and (13) is the same as that of
(1): they present the interference of two oscillations.
At Γgm → ∞ and Γln → ∞, the interference disap-
pears. Consequently, the effect of the driving fields re-
duces to a change in the level populations (optical pump-
ing). Indeed, the two-photon coherences r41 and r12
are the source of quantum nonlinear interference effects
(NIE), which lead to AWI, Autler-Townes splitting of the
resonances and to related effects of electromagnetically-
induced transparency, coherent population trapping, and
to corresponding changes in the refraction index. From
(12) or (A1) at G3 = 0, it follows that
χ4
χ04
=
Γ4
P4
·
∆r4 − g1∆r1
∆n4(1 + g4)
=
Γ4
∆n4
·
∆r4P41 − (∆r1|G1|
2/P1)
P41P4 + |G1|2
, (14)
χ2
χ02
=
Γ2
P2
·
∆r2 − g3∆r1
∆n2(1 + g2)
=
Γ2
∆n2
·
∆r2P
∗
12 − (∆r1|G1|
2/P ∗1 )
P ∗12P2 + |G1|
2
. (15)
Both equations are of similar structures, and we will
briefly review major NIE using the example of Eq. (15).
The effects of the driving field G1 contributing to the
change of absorption and refraction indices can be classi-
fied as: (i) a change of the populations ∆r4(|G1|
2), domi-
nant at Γ41Γgm →∞, and (ii) a splitting of the resonance
(see the denominator in (14), dominant at ∆r1 = 0. With
an increase in the detuning Ω1, one of the components of
Autler-Townes splitting determines the ac-Stark shift of
the resonance.
As for any interference, NIE cause only redistribu-
tion absorption and amplification over the frequency in-
terval (line shape) but do not change the frequency-
integrated absorption (amplification). The latter is de-
termined by the population change only:
∫
(χ4/χ
0
4)dΩ4 =
piΓ4∆r4/∆n4. The term in (14) associated with rm =
nm describes the line shape (probability) of pure emis-
sion, where all the rest (at rm = 0) describe pure ab-
sorption. Indeed, as was first emphasized in [21, 23], this
difference determines NIE in absorption, emission and
amplification spectra which enable the entire elimination
of absorption and appearance of transparency at unequal
populations of the levels at the probed transition and to
amplification without population inversion in some fre-
quency interval(s) at the expense of enhanced absorption
in other intervals. As seen from (14), at Ω4 = Ω1 = 0,
the corresponding requirements to achieve transparency
and then amplification without a change of sign of ∆r4
are
∆r1|G1|
2/ΓgmΓlg ≥ ∆r4. (16)
Therefore, owing to NIE, population inversion between
the initial and final bare states is not required in order
to achieve AWI in this case. The requirements for trans-
parency at unequal populations of levels at the probed
resonant transition and that for amplification without
population inversion for Ne transitions was investigated
6in [24] (see also [25]) during the course of early studies
of NIE with He-Ne lasers. Then lasing without popula-
tion inversion was experimentally realized in [27] in gas
discharge at the transition 2s2–2p4 (λ = 1.15 µ) of Ne in
the presence of the driving field of another He-Ne laser
resonant to the adjacent transition 2s2–2p1 (λ = 1.52 µ).
It is misleading to think about resonant processes in Λ
and V schemes as conventional Raman processes. The
amplification and absorption acquire the features of two-
photon processes, while the driving field is detuned from
resonance and interference between one- and two-photon
pathways vanishes. Indeed, at |Ω1| ≈ |Ω4| ≫ Γ1,Γ4,
|g4| ≪ 1, |g1| ≪ 1, P4 ≈ iΩ4, P1 ≈ iΩ1 ≈ iΩ4, one
obtains from (14) the equation for the absorption (am-
plification) index α(Ω4) reduced by its value α
0(0) at
resonance at G1 = 0:
α(Ω4)
α0(0)
≈
Γ24∆r4
Ω24∆n4
− Re
{
Γ4(∆r4g4 +∆r1g1)
iΩ4∆n4
}
≈
Γ24∆r4
Ω24∆n4
−
Γ4Γ14
Γ214 + (Ω4 − Ω1)
2
·
|G1|
2(∆r1 −∆r4)
Ω24∆n4
=
Γ2lm(rl − rm)
(nl − nm)Ω24
−
ΓgmΓlm
Γ2gm + (Ω4 − Ω1)
2
·
|G1|
2(rm − rg)
Ω24(nl − nm)
. (17)
The last terms in (17) describe Raman-like coupling and
originate both from the nominator and denominator in
Eq. (14). In this case, population inversion between the
initial and final bare states (rm = nm > rg) is required
for amplification of the probe field.
In more detail, the nature of NIE in the context
of interference of quantum pathways and modification
of the frequency-correlation properties of multiphoton
processes in strong resonant fields was discussed in
[25, 28, 29]. Numerical examples of AWI, including ef-
fects related to the growth of the amplified field, are given
in [30] both for open and closed energy level configura-
tions.
B. Quantum coherence and elimination of
inhomogeneous broadening of multiphoton
transitions with light shifts
As outlined above, two-photon coherence rln plays a
key role in the processes under investigation. The impor-
tant feature of the far-from-frequency-degenerate inter-
action is that the inhomogeneous (in our case, Doppler)
broadening of a two-photon transition is much greater
than its homogeneous width, ζ = Γln/(∆
D
lg −∆
D
ng) ≪ 1,
where ∆Dlg and ∆
D
ng are the Doppler HWHM of the cor-
responding transition. Therefore, only a ζ fraction of the
molecules are resonantly involved in the process. Cor-
respondingly, the magnitude and sign of the multipho-
ton resonance detunings and, consequently, of the am-
plitude and phase of the lower-state coherence ρnl, differ
for molecules at different velocities due to the Doppler
shifts. This is not the case in near-degenerate schemes.
The interference of elementary quantum pathways, ac-
counting for Maxwell’s velocity distribution and satu-
ration effects, results in a nontrivial dependence of the
macroscopic parameters on the intensities of the driving
fields and on the frequency detunings from the centers
of the inhomogeneously-broadened resonances. However,
this limitation that seems fundamental can be overcome
by a judicious compensation of Doppler shifts with ac-
Stark shifts.
Consider the principles of such compensation for the
example of the absorption (gain) index α2. In order to
account for Doppler effects, we must substitute all Ωj in
the above formulas for Ω′j = Ωj − kjv, where v is the
molecular velocity, and then perform velocity integration
over a Maxwell distribution. Corresponding factors Pj
must be substituted for velocity-dependent factors P ′j =
Pj(Ω
′
j). Let us assume all detunings Ωj , except Ω1 −
Ω2, to be much greater than the corresponding transition
Doppler widths. Then all factors P ′j and P
′
ij , except P
′
12,
become independent of v. According to Eq. (15), the
dependence of the denominator on velocity is determined
by the factor
P ′∗12 +|G1|
2/P ′2 ≈ Γln − i[Ω1 − Ω2 − (k1 − k2)v]
+[|G1|
2/(Γlg + iΩ1)]− i(|G1|/Ω1)
2
k1v. (18)
Equation (18) indicates a velocity-dependent broaden-
ing (Re{|G1|
2/P ′2}) and shift (Im{|G1|
2/P ′2}) of the res-
onance that allows one to compensate for the Doppler
effect at (|G1|/Ω1)
2
k1 = k1 − k2, and therefore all
molecules will be uniformly coupled to the two-photon
resonance independent of their velocities. Compensation
of the Doppler shifts with light shifts was proposed in
[28, 31, 32]. Opportunities for great enhancement of var-
ious optical processes with this effect were recently inves-
tigated in more detail in [33, 34, 35, 36, 37]. We shall il-
lustrate the above considered effects with numerical sim-
ulations applied to the experimental scheme described in
Sec. II.
V. NUMERICAL SIMULATIONS
As an example, we shall consider the transitions l −
g − n − m − l (Fig. 1) as those of sodium dimers Na2:
X ′Σ+g (v” = 0, J” = 45) – A
′Σ+u (6, 45)(λ1= 655 nm) –
X1Σ+g (14, 45)(λ2= 756 nm) – B
1Πu(5, 45)(λ3= 532 nm)
– X ′Σ+g (0, 45)(λ4= 480 nm) from the experiment [19].
We shall use the experimental relaxation data: γgl = 7,
γgn = 4, γmn = 5, γml = 10, Γl = Γn = 20, Γg = Γm
= 120, Γlm = Γnm = Γng = Γlg = 70, Γln = 20, Γgm =
120 (all in 106 s−1). The Doppler width of the transition
(FWHM) at the wavelength λ4 = 480 nm at a tempera-
ture of 410◦C used for modelling is approximately equal
to 1.7 GHz. Then the Boltzmann population of level n is
1.4% of that of level l. All of this, as well as the inhomo-
geneity of the material parameters and phase mismatch
7∆k, are accounted for in the numerical simulations de-
scribed below.
A. Manipulating absorption and amplification
indices with coherent elimination of Doppler
broadening of multiphoton resonances
Figure 2 depicts absorption (upper plots) and Stokes
amplification (lower plots) computed at relatively low in-
tensities of the driving fields that are set to the corre-
sponding resonances. Plot (a) corresponds to the condi-
tions at the the entrance to the medium, and (b) to the
radiation depleted after propagation through the medium
length Z = α40z = 15, where the OPA of the probe field
reaches its maximum (see Fig. 8). As seen from the
plots, the depletion gives rise to a dramatic change in the
spectral properties of the absorption index for the probe
blue field and of the Stokes amplification index. The line
shapes do not resemble those for convention Raman pro-
cesses. Despite some power-induced depopulation of the
lower level, an increase of α4 occurs in some frequency
interval in the vicinity of the transition resonance center
at the expense of its decrease in other frequency inter-
vals. For all the figures here and below, Ω2 is determined
by the equation Ω2 = Ω1 +Ω3 − Ω4.
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FIG. 2: Spectral structures induced at low intensity of the
resonant driving fields. Upper plots - absorption of the probe
blue radiation, lower - Stokes gain. Ω1 = Ω3 = 0. (a) G1 =
60 MHz, G3 = 20 MHz; (b) G1 = 16 MHz, G3 = 19 MHz.
Figure 3 displays a substantial inhomogeneity of the
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FIG. 3: Differences of level population vs molecule velocity
projections v on the wave vectors (u is thermal velocity). l-n
corresponds to rl − rn, and the other plots to the transitions
as indicated. All parameters are the same as in Fig. 2(b).
FIG. 4: Resonance laser-induced spectral structures (high in-
tensities of driving fields). Upper plots - absorption of the
probe blue radiation, lower - Stokes gain. G1 = 1 GHz,
Ω3 = Ω1 = 0. (a) G3 = 1070 MHz, (b) G3 = 415 MHz.
Insets - corresponding magnified peaks. ∆ - FWHM of the
corresponding peaks.
distribution of level populations over the velocities pro-
duced by the driving fields. Population inversion appears
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FIG. 5: Laser-induced spectral structures (high intensities of
driving fields). Upper plots - absorption of the probe blue
radiation, lower - Stokes gain. G1 = 1 GHz, G3 = 400 MHz,
Ω1 = 2140 MHz, Ω3 = 400 MHz.
at the Stokes transition ng in a narrow velocity interval,
while no population inversion is produced at the Raman
transition ln. The figure indicates the smallness of the
fraction of molecules resonantly coupled to the driving
fields. This important fact must be taken into account
while considering amplification with and without popu-
lation inversion [30].
Figure 4(a) shows corresponding line shapes at higher
intensities of the driving fields chosen so that the split-
ting of coupled levels is nearly equal. This determines
the coincidence of two out of the four spectral compo-
nents at the probe and at the Stokes transitions. Plot (b)
demonstrates further substantial change of the spectrum
by variation of the intensity of one of the fields and ap-
pearance of narrow sub-Doppler laser-induced absorption
and amplification structures. The position and shape of
the structures can be varied within the frequency-interval
comparable with the Doppler width.
Figure 5 illustrates the opportunities to form a trans-
parency window in any frequency interval in the vicinity
of the probe transition. As follows from Figs. 2, 4 and
5, the maxima and minimum in the Stokes gain, as a
rule, correspond to the maxima and the minimum in the
absorption index.
Figure 6 demonstrates the feasibilities of compensat-
ing for Doppler shifts with ac-Stark shifts and corre-
sponding substantial field-induced narrowing of the in-
duced resonances. The upper plot in 6(a) presents a
red-shifted and slightly-decreased Doppler-broadened ab-
sorption resonance, and the lower one the feasibility of
the formation of a power-induced Doppler-free Stokes res-
onance. At G21 ≪ Ω
2
1, the ac-Stark shift of the Stokes
transition is estimated as G2/Ω1, and the dressed two-
photon resonance as Ω2 = Ω1+G
2
1/Ω1. This is in a good
agreement with the computed plots. The FWHM of the
induced resonance is 17 MHz, which is much less than
FIG. 6: Compensation of Doppler shifts with light shifts
and sub-Doppler resonances. Upper plots - absorption of the
probe blue radiation, lower - Stokes gain. Ω1 = 2140 MHz, G1
= 1 GHz. (a) G3 = 0, (Ω2 = 2140 MHz - Ω4); (b) Ω3 = Ω1,
G3 = 242 MHz (Ω2 = 4280 MHz - Ω4). ∆ is FWHM of
the corresponding peaks. Insets - magnified corresponding
laser-induced structures. The Doppler FWHM of the Raman
transition is 170 MHz.
the Doppler FWHM of the Raman transition (170 MHz)
and comparable to the homogeneous FWHM of the Ra-
man transition (6.4 MHz). Figure 6(b) shows further fea-
sibilities for producing sub-Doppler structures with two
driving fields.
Figure 7 displays the sensitivity of the width of the
induced structures on the choice of the parameters of
the driving fields. The width of the most narrow reso-
nance (plot 2) is even less than the homogeneous FWHM
of the corresponding transitions and commensurate with
that of the most narrow resonance in the system (tran-
sition ln). Since all nonlinear resonances possess asym-
metric and non-Lorentzian shapes, the width of such a
resonance has different properties than those attributed
to a conventional resonance of a Lorentzian shape. The
insets prove that the narrowing is related to judicious
compensation of the Doppler shifts by ac-Stark shifts.
Plots 2 in the insets indicate that the central portion of
the Maxwell velocity distribution (the majority of atoms)
9(GHz)
FIG. 7: Power-induced Doppler-free resonances. Ω1 = Ω3 =
2140 MHz, G3 = 242 MHz. (a) - laser-induced structures in
absorption index α4(Ω4), inset - velocity distribution α4(v/u)
at Ω4 set to the center of the corresponding resonance (u is
thermal velocity). Maxwell’s envelope is removed. ∆ - full
width at half maximum of the corresponding peaks. (b) -
same for Stokes amplification index. (a): 1 — G1 = 1500
MHz (∆ = 98 MHz), 2 — G1 = 1000 MHz (∆ = 17.6 MHz),
3 — G1 = 500 MHz (∆ = 133 MHz), 4 — G1 = 0 (∆ = 232
MHz); (b) – same parameters as in (a), where the FWHM of
the structures 1, 2 and 3 are 64, 15.8 and 128 MHz.
becomes involved in the coupling and simultaneously con-
tributes to the absorption maximum of the narrowed res-
onance (compare with Fig. 3). The other wider reso-
nances remain inhomogeneously broadened.
B. Generation of Stokes radiation, optical
switching and inversionless amplification of
short-wavelength radiation above the oscillation
threshold in resonant optically-dense media
Figure 8 displays the results of numerical simulations
of amplification of short-wavelength radiation and of gen-
eration of long-wavelength field controlled by quantum
interference for the conditions corresponding to Fig. 2.
The optimum parameters and output characteristics of
FIG. 8: Laser-induced inversionless amplification, trans-
parency and generated Stokes radiation at low intensities of
fundamental beams (Z = α40z). Ω1 = Ω3 = 0, G10 = 60
MHz, G30 = 20 MHz. (a) probe; (b) generated Stokes idler
radiation.
the amplifier are stipulated from the interplay between
absorption, amplification of generated idler Stokes radia-
tion [Fig. 8(b)], phase-matching, FWM cross-coupling
parameters, and variation of all material parameters
along the medium due to saturation effects accounting
for the velocity-dependent NIE. It is remarkable that gen-
erated idler Stokes radiation may several hundred times
exceed the input probe radiation [Fig. 8(b)]. The in-
put Rabi frequencies of the control fields for this graph
correspond to the focused cw radiations on the order of
several tens of mW, i.e., to about one photon per thou-
sand molecules. The length of the medium is scaled to
the absorption length at ω4 = ωml, with all driving fields
turned off.
In a good agreement with (5), Fig. 9(a) shows that,
first, the probe beam is sharply depleted, and a substan-
tial optical length is required to achieve transparency, and
then there is significant inversionless gain (main plot).
The complete transparency is achieved at a length of
about 4. With the same driving fields but with the probe
radiation tuned to the exact resonance (lower right inset),
amplification is not achievable. The upper inset shows
strong depletion of the driving radiation E1 along the
medium at the chosen intensity and detuning from the
resonance. The evolution of the amplitudes of the fields
along the medium is determined by the relative phase
Ψ = φ4−φ3+φ2−φ1+(k4−k3+k2−k1)zz = Θ+∆kz.
The lower left inset in Fig. 9(a) shows substantial change
of the relative phase Θ along the medium that is deter-
mined by the inhomogeneity of the coupled field and,
consequently, material parameters. Figure 9(b) presents
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FIG. 9: Propagation of probe radiation (a) and optical
switching (b) (Z = α40z). Ω1 = Ω3 = 0, G10 = 60 MHz,
G30 = 20 MHz [(a) and main plot (b)]. (a) Ω4 = 35 MHz
(main plot) and Ω4 = 0 (lower inset). Upper left inset - de-
pletion of the fundamental radiation at ω1, upper right inset
- phase for main (a). (b) Main plot and inset - Z = 2, inset
- Ω4 = 35 MHz. Minimum transmission is less than 10
−3.
feasibilities of all-optical switching, controlled by quan-
tum interference. Only a small variation of the fre-
quency of the probe field and/or the input intensity of
the driving field I10 results in a dramatic change of the
intensity of the transmitted probe radiation. By this, the
sample can be easily driven to the opaque state (less than
10−3 of the transparency) or to entire transparency and
strong amplification without any change of the level pop-
ulations.
Figure 10 displays the change of the number of pho-
tons in each beam along the medium scaled to the num-
ber of photons in the probe field at the entrance to the
medium, assuming σi = 0 in Eqs. (2) and (3). The plots
are computed for the same input intensities as Fig. 9(a),
but Fig. 10(a) corresponds to the fully-resonant case and
Fig. 10 (b) to far-from-resonance coupling. The figure
proves that the interference of quantum pathways plays
such an important role in fully-resonant multi-wavelength
coupling that the process as a whole can not be viewed as
a sequence of independent conventional elementary one-
photon/two-photon FWM processes, as they were intro-
duced for off-resonant conditions in the framework of per-
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FIG. 10: Relative change of the photon numbers in the cou-
pled fields along the medium at neglected absorption and re-
fraction. G10 = 60 MHz, G30 = 20 MHz. (a) Ω1 = Ω3 =
Ω4 = 0, and (b) Ω1 = 1 GHz, Ω3 = −1 GHz, Ω4 = −2.5
GHz.
turbation theory. Indeed, Fig. 10(a) displays even qual-
itatively incorrect behavior with respect to the Manley-
Rowe relationship (photon conservation law). As detun-
ing from the resonance increases, the disagreement ceases
[Figure 10(b)].
Figure 11 shows the feasibility of realizing strong am-
plification of the probe short-wavelength radiation at the
expense of other longer-wavelength driving radiations, de-
spite the enhanced absorption index. The importance of
optimization of the conversion parameters based on the
processes investigated here, on the developed theory and
on the numerical simulation is explicitly seen from com-
parison of the plots (a) and (c). If so, substantial (sev-
eral thousand times) amplification of the shortest wave-
length radiation becomes feasible. Amplification slightly
exceeding unity ensures generation inside the ring cavity.
Hence, Figs. 8, 9 and 11 show feasibilities of lasing with-
out requirements of population inversion at the resonant
transition.
VI. EARLIER EXPERIMENTS ON RESONANT
NONLINEAR-OPTICAL PROCESSES
CONTROLLED THROUGH QUANTUM
INTERFERENCE
Constructive and destructive nonlinear interference ef-
fects, which play a crucial role for quantum switching un-
der consideration in the present paper, are often met and
play an important role in nonlinear spectroscopy and in
resonant nonlinear optics. Comprehensive experiments
on nonlinear interference effects at Doppler-broadened
11
FIG. 11: Laser-induced inversionless amplification, trans-
parency and generated Stokes radiation at higher intensi-
ties of fundamental beams. G10 = 1 GHz. (a) and (b):
Ω3 = Ω1 = 0, G30 = 415 MHz. (c) and (d): Ω3 = Ω1 = 2140,
G30 = 242 MHz.
transitions of Ne in the field of He-Ne lasers had demon-
strated feasibilities of producing transparency for cw ra-
diation at the transitions with unequal energy-level pop-
ulations and lasing without population inversion at the
resonant transition [27]. The examples of other early ex-
periments where such interference proved to play a criti-
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FIG. 12: Interference of quantum pathways and quantum
control in resonant nonlinear optics. (a) Up-conversion of in-
frared radiation ω2; (b) interference of off-resonant 7th-order
nonlinear polarization and 9th-order resonant polarization at
the generation of the 7th harmonic radiation; (c) interference
of resonant one-photon and multiphoton odd-order nonlinear
polarization; (d) laser-induced continuum structures (LICS);
(e) quantum control of sum-frequency mixing; (f) collision in-
duced four-wave mixing; (g) collision-induced resonance; (h)
interference of quantum pathways in two-photon absorption;
and (i) interference of quantum pathways in Raman scatter-
ing.
cal role are depicted in Fig. 12.
A weak infrared radiation field of arbitrary frequency
ω2 [Fig. 12(a)] can be up-converted by a resonantly-
enhanced FWM process in the fields of two frequency-
tunable lasers, ω1 and ω3. As confirmed in the experi-
ments on Rb vapors [38], the process that fundamentally
limits conversion efficiency is destructive interference of
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two components in coherence at transition gm induced
by E1 and E2 on one hand, and by E3 and Es on the
other hand.
The interference of two nonlinear-optical processes in
Hg vapor [Fig. 12(b)] was employed to prove that direct
conversion of intense infrared radiation to VUV by an
eight-photon-resonant 9th-order process is more efficient
than that with a lower seventh-order but off-resonant
process [39]. By a small variation of the eight-photon
detuning, destructive interference can be turned to con-
structive. Thus higher-order resonant polarization com-
ponent was distinguished and compared with the lower-
order off-resonant one.
The interference between linear and nonlinear polariza-
tions [Fig. 12(c)] was shown to limit odd-order resonant
harmonic generation and multiphoton resonant ioniza-
tion (see, e.g. [39] and references therein).
The interference of a one-photon transition to the dis-
sociation or ionization continuum and multiphoton tran-
sitions between discrete states through the continuum
stipulated by the same probe radiation gives rise to laser-
induced continuum structures [40, 41] [Fig. 12(d)]. As
was first shown in [42], such laser-induced autoionizing-
like structures in the continuum allow one the increase
FWM polarization while decrease the absorption of gen-
erated short-wavelength radiation. Laser-induced con-
tinuum structures enable quantum control of chemical
processes related to dissociation and ionization by em-
ploying constructive and destructive interference. (For
a recent literature survey of the experiments, see [18]).
Similar processes can be realized in discrete transitions
[Fig. 12(e)].
Figure 12(f) illustrates the FWM process 2ω1 = ωs +
ω2, where E1 and E2 are linearly and orthogonal po-
larized waves with nearly equal frequencies close to the
frequency of the transition between non-degenerate level
and degenerate level which consist of three Zeeman sub-
levels. Linear polarized oscillations can be treated as
combinations of two oppositely polarized circular oscilla-
tions. Each circularly-polarized component of Es can be
created both due to processes involving photons of the
same polarization [left side of Fig. 12(f)] and processes
involving photons of opposite circular polarization [right
side of Fig. 12(f)]. As was proved in experiments with
transitions between excited levels of Ne [43], destructive
interference of these two channels eliminate FWM pro-
cess completely unless specific collisions occur or even
very weak magnetic or electric fields are applied. This al-
lows one to selectively detect such collisions among many
other relaxation processes as well as to measure the weak
fields.
In a similar way, the FWM process presented in Fig.
12(g) does not feel the resonance at ω2 − ω1 = ωn′n be-
tween excited unpopulated levels unless collisions disbal-
ance the destructive interference in the quantum system
[44, 45]. Figures 12(i) and (k) show possible destructive
interference of two quantum pathways through interme-
diate levels n and n′ that allows one to control the pro-
cesses of two-photon excitation.
VII. CONCLUSIONS
Specific features of manipulating linear and nonlin-
ear optical properties of resonant materials through con-
structive and destructive quantum interference in three-
and four-level media with inhomogeneously-broadened
multiphoton transitions are studied. The feasibility of
compensating for Doppler-shifts with power-shifts by
means of quantum control is shown. This enables the re-
moval of a fundamental limitation on resonant multipho-
ton coupling with molecules from wide velocity-intervals
concurrently independent of Doppler shifts of their reso-
nances and, thus, enables significant increase of the cross-
sections of various nonlinear-optical processes in warm
gases. Similar effects, with the exclusion of the angu-
lar anisotropy of laser-induced nonlinear resonances, are
achievable at inhomogeneously-broadened transitions in
solids.
The propagation of a probe signal in an extended ini-
tially strongly-absorbing resonant sample is investigated,
which is controlled by two driving fields through the in-
terference of resonant Raman-type and four-wave mixing
processes. It is shown that under fully- and near-resonant
coupling, the interference of quantum pathways usually
plays so important a role that the propagation processes
as a whole cannot be viewed as a sequence of independent
conventional single-photon, multiphoton and FWM pro-
cesses, as they can be introduced for off-resonant coupling
in the framework of perturbation theory. Substantial dif-
ferences from the behavior that would be expected based
on the concept of linear and nonlinear off-resonance pro-
cesses is demonstrated through numerical simulations.
As regarding the proposed scheme, it is shown that the
entire process cannot be viewed as resonant optical para-
metric amplification accompanied by Stokes gain and ab-
sorption. However, it acquires such features with an in-
crease of resonance detunings.
Applications to photon switching, frequency-tunable
narrow-band filtering, and amplification without pop-
ulation inversion of the probe beam are explored
through quantum control by two longer-wavelength
fields. Switching to enhanced (practically absolute) opac-
ity or to perfect transparency, or even to amplifica-
tion without population inversion above the oscillation
threshold, is shown to be possible due to quantum in-
terference and to readily-achievable Stokes gain. Such
gain appears to be inherent to the far-from-degenerate
double-Lambda scheme under consideration. The feasi-
bilities of manipulating Raman gain for generated idler
infrared radiation are explored too. The outlined pro-
cesses are associated with the appearance of the com-
plex narrow laser-induced spectral structures in absorp-
tion, refraction, Raman, and FWM susceptibilities that
vary along the medium. As a rule, a decrease in the
absorption index is accompanied by a decrease in local
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nonlinear-optical coupling, and vice versa. However, the
outlined opportunities of strong amplification becomes
possible through the deliberate trade-off optimization.
It is shown that for fully-resonant fundamental and
probe fields, which would correspond to Raman resonance
for the generated idler radiation, the probe signal is only
depleted. Because of destructive interference, the rate of
depletion may become even higher than that in the ab-
sence of the driving fields. On the other hand, there exist
detunings where the initial depletion changes for ampli-
fication after propagation through a substantial medium
length. It is shown that one can judiciously select pa-
rameters such that the transition from absorption to am-
plification through complete transparency becomes very
sharp. This allows one to vary the transparency of the
probe radiation or to switch its transparency between
components of wavelength division multiplexing at opti-
cal networking by a small variation of intensity and/or
detuning of the control fields from resonances. It is shown
that the control can be achieved with the intensities of
the driving fields at the level of conventional cw lasers of
about one photon per one molecule. The feasibilities of
producing amplification well above the oscillation thresh-
old and of lasing without population inversion at short-
wavelength transitions at the expense of lower-frequency
control fields are demonstrated.
The outcomes are illustrated with numerical experi-
ments. Although the data relevant to most typical and
easy-to-realize experiments with sodium molecules have
been employed for numerical simulations, similar en-
ergy level configurations with inhomogeneously broad-
ened transitions are easily found in rare-earth-doped
solids used as Raman amplifiers in optical networking
and in quantum nanostructures. Proof-of-principle ex-
periments on fast optical switching based on quantum
control and FWM have proven such feasibilities [15].
Since the principles of the proposed switching are based
on ground-level coherence, the implementation of spin
coherence with the lowest relaxation rate allows one to
improve dramatically the performance of such quantum
switches.
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APPENDIX A: NONLINEAR SUSCEPTIBILITIES
AND ENERGY LEVEL POPULATIONS FOR THE
CASE WHERE EACH LEVEL IS COUPLED TO
ONLY ONE DRIVING FIELD: OPEN AND
CLOSED SCHEMES
With the aid of the solution of a set of equations (9)
for the off-diagonal elements of the density matrix up
to first order in perturbation theory with respect to the
weak fields, the equations for the susceptibilities can be
presented as [7, 46]
χi
χ0i
=
Γi∆ri
Pi∆ni
(i = 1, 3),
χi
χ0i
=
ΓiRi
Pi∆ni
(i = 2, 4), (A1)
χ˜2 = −iN
dmldlgdgndnm/8~
3
d2(1 + v∗5 + g
∗
5)
×
[(
∆r1
P1P ∗41
+
∆r3
P3P ∗43
)
+
R∗4
P ∗4
(
1
P ∗41
+
1
P ∗43
)]
, (A2)
χ˜4 = −iN
dmldlgdgndnm/8~
3
d4(1 + v∗7 + g
∗
7)
×
[(
∆r1
P1P12
+
∆r3
P3P32
)
+
R∗2
P ∗2
(
1
P12
+
1
P32
)]
. (A3)
Here χ0i = χi(Gi = 0,Ωi = 0) is a resonance value of
the susceptibility for all fields turned off,
g1 = |G1|
2/P41P
∗
1 , g2 = |G1|
2/P ∗12P2, g3 = |G1|
2/P ∗12P
∗
1 ,
g4 = |G1|
2/P41P4, g5 = |G1|
2/P43d
∗
2, g6 = |G1|
2P41d
∗
2,
g7 = |G1|
2/P ∗32d
∗
4, g8 = |G1|
2/P ∗12d
∗
4, v1 = |G3|
2/P43P
∗
3 ,
v2 = |G3|
2/P ∗32P2, v3 = |G3|
2/P ∗32P
∗
3 , v4 = |G3|
2/P43P4,
v5 = |G3|
2/P41d
∗
2, v6 = |G3|
2/P43d
∗
2, v7 = |G3|
2/P ∗12d
∗
4,
v8 = |G3|
2/P ∗32d
∗
4,
R2 =
∆r2(1 + g7 + v7)− v3(1 + v7 − g8)∆r3 − g3(1 + g7 − v8)∆r1
(1 + g2 + v2) + [g7 + g2(g7 − v8) + v7 + v2(v7 − g8)]
, (A4)
R4 =
∆r4(1 + v5 + g5)− g1(1 + g5 − v6)∆r1 − v1(1 + v5 − g6)∆r3
(1 + g4 + v4) + [v5 + v4(v5 − g6) + g5 + g4(g5 − v6)]
. (A5)
The populations are described by the formulas below.
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OPEN CONFIGURATION:
∆r1 =
(1 + æ3)∆n1 + b1æ3∆n3
(1 + æ1)(1 + æ3)− a1æ1b1æ3
,
∆r3 =
(1 + æ1)∆n3 + a1æ1∆n1
(1 + æ1)(1 + æ3)− a1æ1b1æ3
, (A6)
∆r2 = ∆n2 − b2æ3∆r3 − a2æ1∆r1,
∆r4 = ∆n4 − a3æ1∆r1 − b3æ3∆r3,
rm = nm + (1− b2)æ3∆r3,
rg = ng + (1− a3)æ1∆r1,
rn = nn − b2æ3∆r3 + a1æ1∆r1, (A7)
rl = nl − b1æ3∆r3 + a3æ1∆r1,
where
æ1 = æ
0
1Γ
2
lg/|P1|
2, æ3 = æ
0
3Γ
2
mn/|P3|
2,
æ01 = 2(Γl + Γg − γgl)|G1|
2/ΓlΓgΓlg,
æ03 = 2(Γm + Γn − γmn)|G3|
2/ΓmΓnΓmn,
a1 =
γgna2
Γn − γgn
=
γgnΓla3
Γn(Γg − γgl)
=
γgnΓl
Γn(Γl + Γg − γgl)
,
b1 =
γmlΓnb2
Γl(Γm − γmn)
=
γmlb3
Γl(Γl − γml)
=
γmlΓn
Γl(Γm + Γn − γmn)
.
CLOSED CONFIGURATION:
In this case, the populations of levels are given by
the equations
Γmrm = wmrl − 2Re {iG
∗
3r3} ,
Γgrg = wgrl − 2Re {iG
∗
1r1} ,
Γnrn = wnrl + 2Re {iG
∗
3r3} (A8)
+ γgnrg + γmnrm,
rl = 1− rm − rg − rn,
whose solution is
rl = nl(1 + æ3)(1 + æ1)/β,
rg = (1 + æ3)[nl(1 + æ1)−∆n1]/β,
rn = {nm(1 + æ3)(1 + æ1) (A9)
+ [∆n3(1 + æ1) + ∆n1γ2æ1/Γn](1 + bæ3) } /β,
rm = {nm(1 + æ3)(1 + æ1)
+ [∆n3(1 + æ1) + ∆n1γ2æ1/Γn]bæ3 } /β,
∆r3 = rn − rm = [∆n3(1 + æ1) + ∆n1γ2æ1/Γn] /β,
∆r1 = rl − rg = ∆n1(1 + æ3)/β. (A10)
Here,
∆n1 = nl − ng,∆n3 = nn − nm,
nm = nlwm/Γm, ng = nlwg/Γg, nn = nlwn
′/Γn,
nl = (1 + wm/Γm + wg/Γg + wn
′/Γn)
−1,
wn
′ = wn + wgγgn/Γn + wmγmn/Γn,
b = Γn/(Γm + Γn − γ3).
æ1 =
(2|G1|
2
Γ1Γg)(Γ21/|P1|
2)
,æ3 =
2|G3|
2(Γm + Γn − γ3)
ΓmΓnΓ3(Γ23/|P3|
2)
,
β = (1 + æ3)[1−∆n3 + 2(nl + nm)æ1]
+ (1 + 2bæ3)[∆n3(1 + æ1) + ∆n1γ2æ1/Γn].
The remaining notations are as before.
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